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A method to evaluate nucleation and crystal growth rates from batch cooling 
crystallization experiments is presented. Solute concentration and suspension tem- 
perature are recorded during the experiment and the product crystal size distribution 
is analyzed. The crystal growth and nucleation rates at any instant are calculated 
by solving the population balance equation using the method of characteristics, 
together with the mass balance equation. Based on a set of different cooling crys- 
tallization experiments, kinetics for  succinic acid are determined. Applying these 
kinetics in process simulation allows for  a reasonably accurate prediction of the 
product weight mean size. 

Introduction 
Modeling and design of batch crystallizers suffer from lack 

of adequate kinetic data for crystal growth and in particular 
for nucleation. Nucleation rates are sensitive to the specific 
design of the crystallizer and to process conditions. The clas- 
sical MSMPR (mixed suspension mixed product removal) tech- 
nique (Randolph and Larson, 1971) has been used extensively 
to determine nucleation and growth rates in laboratory ex- 
periments. While the evaluation is very simple theoretically, it 
is experimentally difficult to fulfill the assumptions and its 
method is time-consuming. The supersaturation level in a con- 
tinuous crystallizer is very low for fast-growing systems so that 
the measurement of kinetics at a high supersaturation level 
becomes difficult. There is a growing interest in nonstationary 
experiments since they are capable of providing more infor- 
mation from one experiment and in certain aspects are easier 
to perform. 

Seeded batch isothermal experiments (Tanimoto et al., 1964; 
Bujac and Mullin, 1969; Qiu and Rasmuson, 1990) have been 
proved to be an efficient way of obtaining the relation between 
the crystal growth rate and supersaturation, when nucleation 
is suppressed. The decay in supersaturation is measured and 
through a mass balance related to the growth of seed crystals. 
To extract information concerning nucleation, size distribu- 
tions have to be determined. Misra and White (1971) and Ness 
and White (1976) used population balance equation to obtain 
both the nucleation rate and the crystal growth rate from the 
measurements of crystal size distributions during the experi- 
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ment. Tavare and Garside (1986) improved the accuracy of 
this method by Laplace transformation of the population bal- 
ance equation. The growth rate is assumed to be size-inde- 
pendent. 

Bransom and Dunning (1949) calculated kinetic parameters 
from the product crystal size distribution. Omran and King 
(1974) made a similar analysis for ice crystallization and used 
the thermal response to characterize the process. Verigin et al. 
(1979) estimated nucleation and growth rates from the final 
crystal size distribution and the concentration measurements 
during a batch cooling experiment. The population balance 
equation and the mass balance equation were solved using the 
method of finite differences. Kinetic parameters for both nu- 
cleation and crystal growth are determined by the method of 
successive approximations. Unfortunately, details of the 
method are not given. In a similar approach by Nyvlt (1989), 
the size distribution is approximated by a specific function. 
Marchal et al. (1988) designed a set of semibatch cooling crys- 
tallization experiments to evaluate 11 parameters for nuclea- 
tion, growth and agglomeration by a stepwise nonlinear 
optimization. Experimental data used comprise recordings of 
solute concentration and particle size distribution during the 
experiments. Witowski et al. (1990) include recordings of con- 
centration and particle light obscuration of a batch experiment, 
in evaluating four parameters of nucleation and growth by 
nonlinear optimization. 

Previous crystallization studies of succinic acid focus only 
on the crystal growth rate (Mullin and Whiting, 1980; Davey 
et al., 1982; Qiu and Rasmuson, 1990). In this study, seeded 
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batch cooling crystallization experiments have been performed 
to obtain both nucleation rates and crystal growth rates si- 
multaneously. The solute concentration and the temperature 
of the suspension are measured during the experiment, and 
the final product crystal size distribution is analyzed by sieving. 
The population balance equation is solved by the method of 
characteristics to extract kinetic parameters of nucleation and 
crystal growth. 

For the crystals which are born at time 0, the size and the 
population density at time can be calculated from Eqs. 3 ,  4, 

and 8 as: 

Mathematical Model 
Consider a well-mixed batch cooling crystallizer in which 

crystal breakage, agglomeration and crystal growth rate dis- 
persion are negligible. Assume that evaporation of the solvent 
may be neglected, that all crystals have the same shape, and 
that nuclei are born at a negligible size. For this case, the 
population balance equation can be written as (Randolph and 
Larson, 1971): 

with the initial condition 

n(0, L)=n ,  

and the boundary condition 

n(t, O)=B/G(Ac, 0) ( 3 )  

no denotes the population density distribution of the seeds. 
The crystal growth rate G and nucleation rate B may be func- 
tions of supersaturation, crystal size, magma density, tem- 
perature, and degree of agitation. Equation 1 is a first-order 
partial differential equation. If the crystal growth rate G can 
be expressed as a product of a function of supersaturation and 
a function of crystal size: 

we may derive at 

( 5 )  

Equation ( 5 )  is a first-order quasilinear equation. The so- 
lution is a surface n=n( t ,  L )  and can be represented by a 
family of characteristic curves (John, 1978). Along each char- 
acteristic curve the relation 

dL 
G 

d t = - =  dn 
- f (Ac)  n - aL 

holds. By integration of Eq. 6, such a curve can be expressed 
as: 

and 

1294 

and 

L =  G d t  s: 
The total mass of solute substance is constant, but the solute 

concentration in solution decreases during the process as re- 
lated to the deposition of the solid material: 

c+ W=c,+ Wo=const. (1 1) 

Differentiating Eq. 1 1  results in 

3 k , p  jomL’G(Ac, L )  n dL (12) 
dc 
dt 

-_=  

and by insertion of Eq. 4 the growth rate function f (Ac)  may 
be obtained as: 

f ( A c )  = - “/ dt [ 3 k , p  j)’g(L) n dL 1 
Nucleation rates may be calculated from Eq. 3 or 9. 

Numerical Solution 
Consider evaluation of nucleation and growth kinetics from 

a batch cooling crystallization experiment. An initially super- 
saturated or saturated solution is seeded by a known amount 
of seeds. The suspension is gradually cooled along a desired 
temperature profile or by natural cooling. Temperature and 
concentration are carefully recorded during the process, and 
after completion the size distribution of the product is deter- 
mined. The solubility-temperature relation is assumed to be 
known. If the crystal growth rate is size-dependent, the size 
dependency function g(L) can be determined in a separate 
experiment, in which only the crystal size distributions at two 
different times of a batch experiment are determined (Qiu and 
Rasmuson, 1989). No measurements on temperature, concen- 
tration or supersaturation are needed. In the following, it is 
assumed that the growth rate function g(L) is known or the 
growth rate is size-independent. 

Adopting the mathematical formulation above the calcu- 
lation starts from the final state of the process and is performed 
backward in time. The product crystal size distribution is used 
as “initial” crystal size distribution. From the population and 
mass balance equations, the crystal size distribution at any 
time during the experiment can be calculated by a simple Eu- 
lerian stepping technique. Either steps in crystal size or steps 
in time may be used as independent variables. If the time is 
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Figure 1. Discretization of the population density func- 
tion. 

chosen (as done by Nyvlt, 1989), an implicit equation must be 
solved in each step to find the corresponding size changes, 
while stepping in size makes the corresponding calculation 
explicit. Furthermore, equal size steps generate a better allo- 
cation of the calculation effort. Calculation in terms of equal 
time steps becomes dominated more by low supersaturation 
periods. Thus, in our calculations stepping in size is used. The 
population density distribution of product crystals is divided 
into m groups, with the average sizes Lo,,, Lo,,, ..., Lo,m 
(Lo,, < Lo,,.. . < L0,J and population densities no,,, no,,, .. . 
no,m. The first index denotes the step number in the calculation 
procedure and relates to the actual size of each group in the 
step. The second index specifies the group in question by re- 
lating to the product distribution. If all the size intervals are 
equal, i.e., Lo,,+ I - Lo,, = AL, for i = 1, 2, . . . m, and the crystal 
size interval AL is very small, the numbers of crystals per unit 
mass of solute in each size interval can be approximated by 
ALnO3,, ALn,.,, ... ALn0,,, Figure 1. In each step, the population 
near the abscissa is moved to zero size. If the growth rate is 
size-independent, the whole distribution moves along simply 
by horizontal translation. In the case of size-dependent growth, 
larger particles decrease in size more or less than smaller ones. 

By summing up all of the size changes, we obtain the total 
change in crystal mass corresponding to a change in solute 
concentration in solution. Using the measured concentration 
vs. time data, the time step corresponding to the step taken in 
size may be determined. The growth rate is calculated from 
the slope of the concentration vs. time curve and the total area 
of crystals according to Eq. 13. Using the measured temper- 
ature curve, the solubility and thus supersaturation generating 
this growth rate may be calculated. The nucleation rate is 
obtained from the population density of particles reduced to 
zero size and the growth rate. 

In the case of size-dependent growth, the AL translations in 
one step related to the size as 

as obtained from Eq. 4 (Baliga, 1970). If AL is small, Eq. 14 
can be approximated by 
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In the ith step, the product crystals having the size L,_ ,,, move 
to zero size. The product crystals having sizes larger than L,- ,,, 
decrease according to: 

L,,J=L,_, , j-L- .~ dLi- 1.j)  (j=i, i + l ,  i + 2 ,  ..., m) (16) 
I-'*' g(Lj-l,j) 

The numbers of crystals that have the size Lo,j at the end of 
the experiment are not changed during the calculation: 

(17) mj=ALno, j  ( j = l ,  2, 3,  ..., m) 

In each step, the new size of each population is stored. The 
mass of total crystals after size reduction is calculated by nu- 
merical integration 

m 

and concentration of the solute becomes: 

The time ti can be calculated from the spline function: c = c(t). 
The supersaturation at that moment is obtained from the spline 
function: T =  T ( t )  and the solubility function: 

The supersaturation-dependent part of the growth rate func- 
tion is calculated from Eq. 13, in which the denominator of 
the righthand side is calculated numerically as: 

The nucleation rate is calculated by rearranging Eq. 9: 

which finishes the calculations of the ith step. The computer 
program outputs the time, supersaturation, temperature, total 
mass of crystals, crystal growth rate, and nucleation rate in 
each step of calculation. When the total mass of crystals be- 
comes smaller than the mass of seeds, the calculation is stopped. 

If the crystal growth rate is size-independent, g(L) = 1, 
G(Ac) =f(Ac), and the crystal growth and nucleation rates can 
be calculated by the same procedure described above. Instead 
of using Eqs. 13 and 22, the growth rate may be calculated by 
taking the ratio of the size step and the corresponding cal- 
culated time step and the nucleation rate as the number of 
crystals reaching zero size divided by the time step. This would 
correspond to a discretization of Eqs. 13 and 22, and should 
produce results very close to those of the technique used, if 
the steps taken are small enough. In checking this, discrep- 
ancies are found to be negligible for the step length applied. 
When the steps are large, Eqs. 13 and 22 give better results 
than using discretization. 
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Figure 2. Experimental apparatus. 
1. crystallizer 7 .  hot water 
2. motor 8. heater 
3. data acquisition and control unit 
4. computer 10. valve 
5 .  controller 1l.pump 
6. cold water tank 

9. overflow tank 

12, 13. thermometer 

Experimental Work 
All the experiments have been performed in a 2.5-L con- 

trolled cooling crystallizer. The details of the crystallizer tank 
are given elsewhere (Qiu and Rasmuson, 1990). A flowsheet 
of the experimental apparatus is shown in Figure 2. The solid- 
liquid suspension in the vessel (1) is agitated by a propeller- 
type impeller driven by the motor (2). Any cooling curve can 
be activated by the computer (4), HP-86B. The computer out- 
puts the temperature signal according to the cooling curve to 
the controller ( 5 )  as the set point. The PT 100 resistant ther- 
mometer (13) provides a measured value back to the controller. 
The controller operates on the three-way valve (10) to adjust 
the ratio of hot water (approximately 45°C) from the tank (7) 
to cold tap water from the tank (6 )  flowing through the crys- 
tallizer jacket. The data acquisition and control unit (3) meas- 
ures the resistance of the PT 100 resistant thermometer (12), 
which is converted into temperature and stored in the com- 
puter. The accuracy of the temperature measurement is better 
than &0.15"C. The pump (11) is used for the circulation of 
the cooling water. The heater (8) is used to maintain a higher 
temperature in the hot water tank; and (9) and (6) are overflow 
tanks. 

The solution is prepared from recrystallized crystals of com- 
mercial succinic acid, initially with purity of 99.9 wt.%. The 
crystals are dissolved in distilled water. The solution is stirred 
for more than four hours at a temperature about 10°C higher 
than the initial temperature of the experiment. After the so- 
lution is charged into the crystallizer, a sample for determining 
the initial concentration is taken out. The starting temperature 
is approached by slow cooling. When the temperature reaches 
a stable value, a known amount of closely sized seed crystals 
is introduced to the crystallizer by the device shown in Figure 
3, and the cooling program starts immediately. Using 10-mL 
glass pipettes, small samples of clear solution are withdrawn 
periodically (every 5 minutes) for concentration analysis. On 
the tip of the pipette, a cotton plug is fitted to prevent crystals 
from being sucked into the pipette. The concentration of the 

a 
Figure 3. Device for introducing seed crystals. 

solution is determined using an Anton Paar DMA 60 density 
meter and the concentration vs. density relation (at 36.97"C) 
reported previously (Qiu and Rasmuson, 1990). The accuracy 
of the concentration measurement is better than ~ 0 . 1  %/kg 
water. The solubility of succinic acid in water hai been meas- 
ured previously (Qiu and Rasmuson, 1990). A second-order 
polynomial is used to correlate the solubility data. The tem- 
peratures are measured every 30 seconds. At the end of each 
experiment, the suspension is filtered and the product is dried 
for size analysis by sieving (DIN 4188). 

A total of 12 different seeded, cooling crystallization ex- 
periments have been conducted and are presented in Table 1. 
The cooling curves follow: 

-- ;I;- ( ; )x  

and the value of the exponent, x, is given in the table. 

Evaluation 
The NAG library subroutine E02BAF is used to fit cubic 

splines to the experimental concentration and temperature vs. 
time data. The function value and its derivatives are evaluated 
by the subroutine E02BCF. Three equally-spaced (in time) 
interior knots are used in approximating the temperature vs. 
time curves. Two or three interior knots are used in approx- 
imating the concentration vs. time curves. The location of these 
are in general where the slope of the curve changes most pro- 
nouncedly. The cumulative undersize weight distribution of 
the product crystals mass 

(24) 

AIChE Journal 1296 September 1991 Vol. 37, No. 9 



Table 1. Experimental Program* 

Exp . t/ 
min 

T/ 
"C 

X 

El  
E2 
E3 
E4 
E5 
E6 
E7 
E8 
E9 
El0 
E l  1 
El2 

20 120 
20 120 
20 1 20 
20 120 
20 90 
20 90 
15 90 
15 90 
15 90 
20 90 
20 90 
20 90 

3 
2 
3 
2 
3 
2 
3 
2 
1.5 
2 
2 
1.5 

N 
rPm 

400 
400 
550 
550 
710 
710 
400 
400 
400 
400 
550 
710 

LO 
Pm 

400-500 
400-500 
315-400 
250-3 15 
250-355 
250-355 
250-355 
250-355 
250-355 
250-355 
250-355 
250-355 

MI 
g 

5.00 
2.22 
4.94 
4.54 
0.40 
0.30 
3.00 
0.30 
0.60 
0.50 
0.30 
0.30 

ACO 
d k g  

3.93 
3.64 
3.74 
6.09 
4.66 
3.96 
4.71 
6.14 
4.03 
3.84 
5.17 
3.84 

Le 
Pm 

789 
755 
87 1 
985 
657 
594 
799 
541 
536 
521 
518 
567 

0.50 
0.48 
0.35 
0.30 
0.46 
0.46 
0.48 
0.40 
0.48 
0.45 
0.46 
0.45 

Initial Temperature 30°C 
Amount of Solvent 2.5 kg 
Supersaturation Range 1-10 g/kg Water 
Final Magma Density 
Seeded Crystals in the Product 

'Dimensions for this table only. 

39-55 g/kg Water 
10-70 wt.% (Very Approximate) 

is fitted by a spline with two or three interior knots. The interior 
knots are chosen in the same way as for the concentration 
data. The concentration vs. time function and the solubility 
curve calculated from the temperature function are plotted in 
Figure 4 for a typical experiment. The product crystal size 
distribution is plotted with the fitted spline in Figure 5 for this 
experiment. 

110 

100 

L 

c a, s 
0) 90 
Y, 
0) 

K 
0 .- c 

80 
(I 

C 
0 

3 
0 

70 

The size of crystals remaining on the top sieve, 1,400 pm, 
is assumed to  follow a constant slope of the W(L)  curve, and 
the maximum crystal size is calculated from the equation: 

dL = W(L,,) - W( 1,400) (25) 
L =  1,4w 

in which W(L,,,,) is the sum of the crystal mass on all sieves. 

60 
f 

40' 

Time s 
Figure 4. Experimental concentration vs. time data fit- 

ted with a spline (E5). 
Lower curve shows corresponding solubility as obtained from 
temperature measurements. 

0 1000 2 0 0 0  

Crystal size prn 
Figure 5. Cumulative product size distribution fitted with 

a spline (E5). 
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Thus, the correlated function always correctly describes the 
total mass. The mass of the crystals on the top sieve is usually 
rather low. The population density of the product crystals is 
calculated from the first derivative of the fitted spline: 80 - 

70 - 

60 - 

50 - 

1 dW 
k,pL3 dL 

n = - -  

1: BxO.1 (l/kg waters) 
2: AcxlO (g/kg water) 
3: T (OC) 
4: Gx108 (m/s) 
5: W (g/kg water) 

1 k, = 0.33 was calculated from the shape information of Mullin 
and Whiting (1980) and is used in our calculation. During the 
period of starting the experiment and receiving the data on the 
product size distribution, some solute substance is lost due to  
sampling for concentration determination, in some cases for 
product size distribution determination by electrozone sensing 
technique, and in filtration and drying of the product. By a 
mass balance, the loss is found to  range from 5 to  20 g (about 
5 - 20% of the total product). An approximate correction for 
this loss has been done by multiplying the number of crystals 
of each fraction by a ratio of theoretical mass (using spline 
function concentrations): 

w/= w, + c, - c/ 

and total mass on sieves: 

that is, 

Thus, the mass balance is fulfilled automatically in the cal- 
culations. Stepping terminates when the remaining mass equals 
or is less than the mass of seeds initially introduced. Ideally 
then, the total time in the calculations should equal the time 
of the experiment. In the calculations, the “remaining time” 
is of order 10 seconds or less, proving that the numerical 
procedure is adequate. In the calculations, a size interval of 4 
pn is used for the discretization of the product population 
density distribution. A smaller size step does not influence the 
results significantly. 

Usually, the concentration vs. time data and the final crystal 
size distribution can be fitted very well by the splines. The 
growth and the nucleation rates, however, are proportional to 
the first derivatives of these curves (Eqs. 13, 22 and 26) and 
are thus rather sensitive to  scatter in data and quality of fit of 
approximating functions. When the amount of seeds is small, 
the concentration vs. time curve is very flat initially, and the 
relative error in the first derivative becomes significant. On 
the other hand, a larger amount of seeds will reduce the relative 
influence of nucleated crystals on the product size distribution, 
and nucleation data become more uncertain. The product size 
distribution of a seeded crystallizer is often bimodal, and it is 
not easy to  approximate by a continuous function. Nucleation 
rates are calculated from a continuous function (a spline) fitted 
to the experimental product size distribution obtained by siev- 
ing. In particular, data corresponding to  the size range “be- 
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Figure 6. Output from the computer program (E5). 

tween” seeded crystals and nucleated crystals may be uncertain. 
These results originate from the initial part of the experiment 
and thus the final part of the calculations. Also, it may be 
assumed that the small size fraction of the product size dis- 
tribution is less correctly measured and approximated. Ac- 
cordingly, data of the early steps of the calculations should be 
handled more critically or even be excluded. 

In Figure 6 the calculated crystal growth and nucleation 
rates, together with supersaturation, temperature and the 
magma density, are plotted against experiment time for the 
same experiment as in Figures 4 and 5 .  The very high growth 
rate early and even negative nucleation rate late (not shown) 
reveal the problems discussed previously. Otherwise, the results 
are very reasonable and what we would expect. Furthermore, 
there is a very good agreement between the maxima in the 
growth rate and the supersaturation curves. This is encouraging 
since the growth rate is calculated by Eq. 13 using concentration 
and size distribution data, while the supersaturation is cal- 
culated from concentration and temperature data. The max- 
imum in the nucleation rate is also achieved where we expect 
to  find it, that is, somewhat after the maximum in supersa- 
turation, since the nucleation rate also depends on the magma 
density. Thus, we are rather confident that if the results are 
properly discriminated, adequate information may be ob- 
tained. About two thirds of the total range of data from each 
experiment are used for growth kinetics evaluation, and one 
third are used for the nucleation kinetics evaluation. Results 
from the early and late periods of each experiment are ex- 
cluded. 

The nucleation rates obtained from the experiments are ex- 
tracted from the product crystal size distribution and accord- 
ingly represent an effective nucleation rate. Small crystals 
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growing very slowly are automatically excluded, especially be- 
cause the results of the final part of each experiment are not 
used in evaluating kinetic parameters. 

Results 
The results are obtained as growth and nucleation rates at 

certain supersaturation values, temperatures and magma dens- 
ities for each experiment. Using all adequate (above) results 
from the 12 different experiments simultaneously, kinetic pa- 
rameters may be estimated. As a first approach, we assume 
size-independent growth. The crystal growth is usually con- 
sidered to be a two-step process: diffusion of the solute from 
the bulk solution to the solution-crystal interface and the in- 
tegration of the solute from the interface to the crystal lattice. 
It is often described by the expression: 

:+ (z)  Ac 

However, if the growth rate data are correlated by this equa- 
tion, the kinetic parameter values obtained are not realistic. 
In comparison to the results produced earlier (Qiu and Ras- 
muson, 1990), the present growth rate data are more scattered. 
In the present study, the conditions change considerably and 
the evaluation of growth rate data is more complicated in the 
presence of nucleation. The two-step model is sensitive to scat- 
ter, and problems of adopting Eq. 30 are discussed elsewhere 
(Qiu and Rasmuson, 1991). Furthermore, the volume diffusion 
resistance seems to dominate the growth process in the present 
experiments, and thus surface integration information is dif- 
ficult to extract. By adopting a simple overall power law we 
may write: 

G = kgACgNp (31) 

During the experiments, the cooling rate is controlled to keep 
the supersaturation within the metastable range, and accord- 
ingly secondary nucleation dominates (in comparison to pri- 
mary nucleation). Contact secondary nucleation is regarded as 
the most important source of secondary nucleation in a crys- 
tallizer and is usually described by a power law expression 
(Garside, 1985): 

Even though a first-order dependence on the magma density 
is usually assumed, nonunity exponents are sometimes re- 
ported. However, from the experimental data we are not able 
to obtain reliable values on four nucleation parameters. Equa- 
tions 31 and 32 are applied to correlate the data from all 12 
experiments using the NAG subroutine E04FCF. The param- 
eters are given in Table 2. The output data of this subroutine 
allow for computation of the inverse of the Hessian as 
0.5( VS-')( VS-')'. Confidence ranges are estimated as sug- 
gested in the introduction to E04 routines of NAG. We do not 
account for that data are interrelated within each experiment. 
The goodness of fit for nucleation and growth are shown in 
Figures 7 and 8, comprising all data included in the optimi- 
zations. The points of each experiment line up in the diagrams, 

Table 2. Kinetic Parameters Assuming Size-Independent 
Growth* 

kP (1.04+0.06)x 
g 1.05 *0.03 
P 0.63 +0.06 

b 4.01 *0.20 
h 2.28-+0.16 

kB (5.61 *2.20) x 10' 

* * 9 5 %  confidence limits. 

showing that residuals within each experiment are not normally 
distributed. This is not unexpected since data within each ex- 
periment are interrelated from a physical point of view as well 
as by the evaluation procedure. Concentration and size meas- 
urements are approximated by functions that result in smooth- 
ing of experimental scatter. It is not surprising that there is 
the wide range of residuals, since only three constants for 
growth and nucleation are used to describe data points from 
12 significantly different experiments. 

In the experiments, the temperature range is narrow and 
becomes even more reduced by discriminating initial and final 
periods of each experiment as discussed before. A correlation 
including an overall activation energy for the crystal growth 
rate does not improve the goodness of fit significantly. In a 
previous article (Qiu and Rasmuson, 1990), size-dependent 
growth was observed and accounted for in a two-step expres- 
sion and in an equation of overall power law type. Unfortu- 
nately, none of these equations may be applied here since the 
two-step equation does not fulfil the assumption of Eq. 4, and 
the power law equation results in zero growth rate at zero size. 
The previous experimental results (Qiu and Rasmuson, 1990), 

20 

10 

0 

.10 

-20 
0 1 0  2 0  3 0  4 0  

Crystal growth rate x10 m/s 
8 

Figure 7. Goodness of fit of the crystal growth rates by 
Eq. 31. 
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Figure 8. Goodness of fit of the nucleation rates by Eq. 

32. 

however, may be approximated by an overall power law equa- 
tion comprising a linear (Canning and Randolph, 1967) size- 
dependency. (A nonunity exponent on the parenthesis could 
not be successfully extracted.) 

g ( L ) = ( l +  1 . 4 7 7 ~  103L) (33) 

Equation 33 predicts about a factor of two change in growth 
rate with size over the size range of the present experiments. 
Using Eq. 33, the growth rate function f(Ac) and nucleation 
rate can be evaluated by the procedure described. A power 
law equation can then be used to correlate the values off (Ac) 
as: 

f (Ac) = k,AcgNp (34) 

The growth and nucleation parameters obtained are shown in 
Table 3. The crystal growth rate parameters (g andp) in Table 
3 agree very well with the parameters in Table 2. The nucleation 
rate parameters (b  and h) in Tables 2 and 3 do agree reasonably 
well. The growth rate is likely to be dominated by volume 
diffusion, and thus it may be more appropriate to include the 
corresponding inverse dependence on size (Levins and Glas- 
tonbury, 1972). In this case, however, we obtain nucleation 
parameter values that are less realistic. 

Discussion 
Kinetics 

Previously published results (Mullin and Whiting, 1980; Qiu 
and Rasmuson, 1990) reveal a growth rate order with respect 
to supersaturation of approximately 1.8.  The value found in 

Table 3. Kinetic Parameters Assuming Size-Dependent 
Growth* 

kP (8 .29k0 .45)~  10- 
g 1.09k0.03 
P 0.63 *0.06 

ks (3.35 k4.58) x lo6 
b 4.22+0.67 
h 2.88 *0.48 

* i 95% confidence limits. 

the present work is significantly lower, close to unity. The 
order with respect to impeller speed in the present study is 
0.63, which is higher than the earlier result of 0.36 (Qiu and 
Rasmuson, 1990). Actually, the values of these parameters 
suggest that on average the volume diffusion step is dominant 
in the present experiments. At pure volume diffusion control 
we expect the growth rate to be directly proportional to su- 
persaturation, and the volume diffusion mass transfer constant 
depends on stirring rate to order about 0.62 (Levins and Glas- 
tonbury, 1972). 

According to previous results (Qiu and Rasmuson, 1990), 
larger crystals and higher supersaturation decrease the surface 
integration effectiveness factor, thus the volume diffusion re- 
sistance becomes more dominant. In the present experiment, 
supersaturation during certain periods increases significantly 
above 5 g/kg water. Also, the size range is extended far above 
755 pm (as being the largest mean size in the previous work). 
However, product mean sizes range from about 500 to 900 
pm, and time averaged mean sizes are, of course, even lower. 
Thus, the size is on average within the range of the previous 
work. The low growth rate order may, however, also relate 
somewhat to shape effects. A significant fraction of larger 
crystals in the product are rounded as a result of attrition. 
Also, a decrease in the relative thickness is observed in the 
product crystals as compared to the seed crystals. If there is 
a gradual area increase during the experiments, not included 
in the size or number increase, a lower growth rate order may 
result from the calculations. 

No previous results on nucleation rates of succinic acid have 
been found. Dependence on supersaturation to the power 4 is 
somewhat higher than expected for secondary nucleation in 
general (Garside and Davey, 1980). Dependence on the stirring 
rate, to the power 2.3, observed in this study is a bit lower 
than expected. Theoretical discussions suggest a range of 3-4 
(Garside and Davey, 1980), but lower values are sometimes 
found in practice (Garside and Shah, 1980). Low values on 
the order of the stirring rate dependence may reflect regen- 
eration or survival-limited nucleation (Garside and Shah, 1980). 
On the other hand, recent derivations by Pohlisch and Mers- 
mann (1988) suggest an exponent of 2.2, when fragmentation 
is important. 

In Figure 9 we compare growth rates obtained in the present 
work with earlier results. The experiments in this study are 
performed in the same crystallizer as used previously (Qiu and 
Rasmuson, 1990), and the comparison is made for the impeller 
speed (in Eq. 31 and the previous two-step equation) of 221 
rpm, at which the volume diffusion mass transfer constant 
equals the value of Mullin and Whiting (1980), 4 . 5 9 ~  1 O - j  m/ 
s. The experiments of Mullin and Whiting were performed at 
27.3"C, and thus this is also the temperature used in the pre- 
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lished data. 

vious two-step relation. The crystal growth rates in the present 
study are in very good agreement with previously published 
data. 

Computer simulation of cooling crystallization 
Using the kinetic parameters of Table 2, we may computer- 

simulate the cooling crystallization experiments. The method 
of characteristics is used to solve the population balance equa- 
tion, Eq. l .  Input to the simulations are temperature profile, 
seed amount and size, total time, initial concentration, kinetics 
and solubility data. Output results are the concentration vs. 
time curve and the final crystal size distribution. Comparisons 
of experimental and predicted results are presented in Figures 
10 and 11. The experimental product size distributions are given 
as cumulative mass below each sieve. The shape of the distri- 
bution curves clearly exposes a product comprising seeded and 
nucleated crystals. When nucleated crystals dominate the prod- 
uct (case l), the concentration curve and product size distri- 
bution are predicted well. When seeded crystals dominate the 
product (case 2), discrepancies between predictions and ex- 
perimental data may be observed. The concentration, during 
the early part, is underestimated, and the weight fraction of 
seeded crystals in the product is overestimated. 

In Figures 12 and 13 we compare predicted and experimen- 
tally-obtained weight mean sizes and coefficients of variations 
(CV)  of the product. The experimental weight mean sizes cover 
a range from 0.5 to 1 mm as a result of the wide range of 
conditions in the experimental program. With one exception, 
the predicted weight mean sizes are within 25% of the exper- 
imental results, but they tend to be overestimated. In calcu- 

120 

110 

4-8 

K 
a, 

0 
v) 

0) 

m 
c 
0 

- > 100 

* 
90 

.- +- z 
c 
$ 80 
C 
0 
0 

c 

70 

60 
0 2000 4000 6000 8( 

Time s 

110 

100 

90 

90 

70 

50 
0 

Figure 10. Measured and predicted concentration vs. 
time data. 
Curve I ,  nucleated crystals dominate (E5); curve 2, seeded crys- 
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lating the experimental mean size and CV of the product, the 
total mass of a sieve fraction is allocated to  a size equal to  the 
arithmetic mean of the upper and lower sieve. Even though 
the mass of nucleated crystals in the product may be assumed 
to  be a rather monotonous function of size, it is not necessarily 
true for seeded crystals. The upper part of the cumulative mass 
distribution curve is likely to  be more or less S-shaped as it 
originates from a narrow fraction of seeds. Furthermore, the 
number of sieves in the upper range is very limited and the 
size range of each sieve fraction is wide. Thus, the experimental 
mean size and CV values d o  contain uncertainties, which in- 
creases with increasing mass fraction of seeded crystals in the 
product, and we regard the prediction of the mean sizes to be 
rather good. Coefficients of variations are predicted well for 
experiments with a small amount of seeds. For the experiments 
with a large amount of seeds, predicted values are, with one 
exception, always significantly lower than the experimental 
ones. The coefficient of variation is influenced strongly by the 
bimodal character of the product and thus by the mass ratio 
of seeded to nucleated crystals in the product. In cases of large 
amounts of seeds, the mass fraction of seeded crystals is over- 
estimated significantly; occasionally values up  to  90% are pre- 
dicted when experimental values are approximately 50%. 

In the results presented, systematic discrepancies can be ob- 
served, indicating that some features of the kinetics are not 
accounted for. For ail experiments, there is a systematic over- 
estimation of the product mass related to  seeds, and occa- 
sionally there is a t  least a slight underestimation of their final 
size. These effects can be explained by a decreasing shape factor 
which corresponds to  the observation that large, seeded crystals 
in the product are more window-like. Since the predictions 
assume a constant volume shape factor, a certain size increase 
is calculated to  consume more supersaturation and deposit 
more mass than is true in reality. The first effect reduces the 
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supersaturation and thus lowers the extent of growth for both 
seeds and nucleated crystals, and the second effect overesti- 
mates the mass of seeded crystals in the product. Unfortu- 
nately, a shape parameter cannot be extracted by regression 
on the information at  hand, but demands further experimental 
characterization of the product. 

It is possible, but with decreased confidence, to  extract four 
nucleation parameters including an exponent on the magma 
density. Assuming growth to be size-independent, the magma 
density exponent becomes 0.35, the exponent on supersatur- 
ation 2.5 and on stirring rate 1 . 1 .  Using these kinetics, the 
mass fraction of seeded to  nucleated crystals in the product is 
better described and the normalized residuals of mean size and 
CV (Figures 12 and 13) scatter closer to  zero. However, there 
are still systematic discrepancies, and predictions of concen- 
tration curves are less accurate. Growth rate dispersion is a 
possibility. However, since the size distribution data are very 
sparse and the product distribution of seeded crystals tends to  
be S-shaped, we find no clear evidence of significant growth 
dispersion. Also, the kinetic constants obtained suggest that 
volume diffusion is essentially controlling. 

Method 
The method proposed here resembles a method proposed 

earlier (Nyvlt, 1989), in that the same experimental information 
is exploited. However, by performing the back shift of the size 
distribution by defining a size step, instead of a time step, 
calculations become explicit, instead of implicit. In comparison 
to the methods where the size distribution is measured several 
times during the experiment (Misra and White, 1971; Tavare 
and Garside, 1986), the method presented has the advantage 
that deficiencies in representation of the size distribution in 
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the small size region become relatively unimportant. On the 
other hand, a limited resolution in characterizing large crystals 
is a problem. In particular, the product size of seeded crystals 
becomes uncertain and thus the appropriate mass change in 
the stepping procedure. This problem is reduced by including 
several different experiments simultaneously into the deter- 
mination of kinetics and by reducing the mass fraction of 
seeded crystals in the product. However, if we exclude the five 
experiments in which the seeded crystals almost dominate the 
product, values of kinetic constants do not change considerably 
(apart from p that increases to unity), residual diagrams are 
in principle unaltered and the predictions of mean size and CV 
are essentially the same (for the seven remaining experiments). 
An unattractive step in the method is the approximation of 
concentration and size distribution data by functions, which 
are then used for evaluation of derivatives. However, in the 
present work, kinetics can be extracted that are physically 
reasonable, correspond well with previous results, and do pre- 
dict batch cooling crystallization experiments rather well. 

Conclusions 
A method to evaluate crystal growth rates and nucleation 

rates simultaneously from batch cooling experiments is pre- 
sented. The population balance equation is solved numerically 
by the method of characteristics. Concentration and temper- 
ature are recorded during the experiments, and the final crystal 
size distribution is analyzed. In comparison to the traditional 
MSMPR technique, the proposed method is significantly more 
efficient. Also, nucleation rates are related directly to the prod- 
uct crystals, instead of relying on uncertain extrapolations to 
zero size. In comparison to batch techniques based on re- 
cording the evolution of the size distribution, the present 
method has the advantage of being less sensitive to the accuracy 
in determination of the small-size fraction. Using the method 
proposed, nucleation and growth rates for succinic acid are 
determined. Growth rates are in good agreement with results 
previously published. Using the kinetic parameters determined, 
cooling crystallizations may be simulated producing reasonably 
accurate predictions of product size distributions. 
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Notation 
b = nucleation order 
B = nucleation rate, l /s  kg solvent 
c = concentration, kg/kg solvent 

c* = solubility, kg/kg solvent 
c, = interfacial concentration, kg/kg solvent 

CV, = predicted product coefficient of variation 
CV, = experimental product coefficient of variation 

f = time dependent part of the growth rate, m/s 
G = crystal growth rate, m/s 
g = size-dependent part of the growth rate, order for power law 

equation 
h = nucleation order with respect to N 
J = Jacobian matrix 

Ac = supersaturation, kg/kg solvent 
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k,  = 
kd = 

k8 = 
k, = 
k, = 
L =  

L,  = 
L, = 

‘ t , J  = 

MT = 
M, = 
m =  
N =  

A N =  

n =  
n, = 

AN, = 

‘0 .J  = 

P =  
r =  
s =  
T =  
t =  
V =  
w =  
w, = 
w, = 
x =  

Greek 
A =  
P =  
o =  

nucleation rate coefficient 
mass transfer coefficient for crystal growth, m/s kg solvent/ 
kg crystal 
coefficient for power law equation 
surface integration constant 
volumetric shape factor 
crystal size, m 
predicted product weight mean size, m 
experimental product weight mean size, m 
mean size of j t h  group of crystals after ith step calculation, 
m 
total crystal mass, kg/kg solvent 
mass of seeds added, kg 
number of the discretization of the product size 
impeller speed, rpm 
number of crystals, no./kg solvent 
number of j t h  group of crystals, no./kg solvent 
population density, l /m kg solvent 
population density of seeds, l/m kg solvent 
product population density o f j t h  group of crystals, l/m.kg 
solvent 
growth order with respect to N 
order of surface integration 
vector of singular values of the estimated Jacobian matrix 
temperature, “C 
time, s 
matrix of orthonormalized eigenvectors of JTJ 
cumulative mass of crystals, kg/kg solvent 
the mass of the product crystals, kg/kg solvent 
mass of crystals on j t h  sieve 
exponent for the temperature profile 

letters 
difference 
density of crystalline material, kg/m3 
time, s 

Subscripts 
0 = initial 
f = final 
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